Dislocation dynamics simulations were used to predict the strengthening of a commercial magnesium alloy, AZ91, due to b-Mg 17 Al 12 formed in the continuous precipitation mode. The precipitate distributions used in simulations were determined based on experimental characterization of the sizes, shapes, and number densities of the precipitates for 10-hour aging and 50-hour aging. For dislocations gliding on the basal plane, which is expected to be the dominant contributor to plastic deformation at room temperature, the critical resolved shear stress to bypass the precipitate distribution was 3.5 MPa for the 10-hour aged sample and 16.0 MPa for the 50-hour aged sample. The simulation results were compared to an analytical model of strengthening in this alloy, and the analytical model was found to predict critical resolved shear stresses that were approximately 30 pct lower. A model for the total yield strength was developed and compared with experiment for the 50-hour aged sample. The predicted yield strength, which included the precipitate strengthening contribution from the DD simulations, was 132.0 MPa, in good agreement with the measured yield strength of 141 MPa.
I. INTRODUCTION
REDUCING the weight of structural components is a major focus of current efforts to improve fuel efficiency in transportation applications. Because of magnesium's low density, Mg-based alloys are increasingly being used in structural components. Alloys from the Mg-Al system have been widely used for cast components. The commercial alloy AZ91, containing 9 wt pct Al and 1 wt pct Zn, is among the best known alloys for casting applications due to its excellent castability, corrosion resistance, and low cost. In spite of the advantages of Mg-based alloys, their use in transportation applications has been limited by their low strength compared with aluminum alloys and steels. A promising approach to improve the mechanical properties of Mg-based alloys is the use of Integrated Computational Materials Engineering (ICME), in which a set of computational tools is used to predict the microstructure of a given alloy with particular processing conditions, and to understand how that microstructure affects material properties.
Important microstructural features that impact the mechanical properties of AZ91 include grain size, the presence of solute atoms in the Mg matrix, and the formation of precipitates. [1] AZ91 can be age hardened, which results in the formation of bcc b-Mg 17 Al 12 precipitates. [1] [2] [3] [4] These precipitates block the motion of gliding dislocations and thus contribute to strengthening. Two predominant morphologies of the b-Mg 17 Al 12 precipitates are observed. [1, 3, 4] Precipitates formed by the so-called continuous precipitation mode are lathshaped and have the habit plane of the precipitate parallel to the basal (0001) plane of the hcp matrix. The other precipitation mode, referred to as discontinuous, results in a lamellar microstructure consisting of the b phase and the hcp matrix, and nucleates at grain boundaries. It has been observed that the discontinuous precipitation mode accounts for a maximum of approximately 20 vol pct of the precipitate phase. [5] Additionally, the discontinuous precipitate morphology is predominantly found near grain boundaries, and therefore these regions have a lower influence on freely gliding dislocations in the interiors of grains. For these reasons, in this work we focus on the lath-shaped precipitates formed by the continuous mode.
When a gliding dislocation comes into contact with a precipitate particle in the glide plane, the dislocation may either shear through the precipitate or bypass the precipitate by forming an Orowan loop around it if the resolved shear stress causing the dislocation's motion is high enough (neglecting the possibility of cross slip, which is unlikely in Mg at low temperatures). Which of these processes that occur depend on the projected area of the precipitate in the glide plane and the energy per unit area required for dislocations to shear the precipitate. By considering a force balance between a curved dislocation and the yield stress of a single precipitate, Hutchinson et al. estimated that in AZ91, precipitates with radii > 3 nm will be bypassed by the Orowan mechanism rather than shearing. [1] As will be discussed further in Section II, the precipitates investigated here have dimensions significantly greater than 3 nm. Therefore, throughout this work we assume that precipitates are bypassed by the Orowan looping mechanism.
Orowan derived the original expression for the stress necessary to bypass an array of uniformly spaced impenetrable point obstacles as
where s c is the critical resolved shear stress (CRSS) required to bypass the obstacles, l is the shear modulus, b is the magnitude of the Burgers vector, and L is the spacing between obstacles. [6] Since then, other analytical models for the CRSS needed to bypass a precipitate distribution have been developed, [7] [8] [9] [10] [11] [12] [13] [14] [15] accounting for factors such as the finite size of the precipitates, [13, 14] elastic self-energy of the dislocations, [13] randomness of the particle positions, [8] [9] [10] and a non-uniform size distribution of the particles. [15] However, these models assume a point-like or spherical precipitate shape, and are not appropriate for the lath-shaped precipitate particles resulting from the continuous precipitation mode in AZ91. Hutchinson et al. developed a model for strengthening from b-Mg 17 Al 12 continuous precipitates in AZ91, which assumes that the lath-shaped precipitates can be approximated as elliptical disks, with an elliptical shape in the basal plane and a uniform thickness in the (0001) direction. [1] In recent years, dislocation dynamics (DD) simulations have also been used to predict the strengthening imparted by obstacles that are bypassed by the Orowan mechanism. [16] [17] [18] [19] [20] [21] [22] [23] [24] Realistic microstructures can be used in DD simulations, allowing the effect of obstacle size distributions and position correlations on CRSS to be determined. Another benefit is that unlike most analytical models of strengthening, DD simulations are not limited to spherical obstacle shapes. DD simulations thus represent an important component of an ICME approach to understand the influence of microstructure on mechanical properties.
In this work, we apply DD simulations to quantify the strengthening imparted by continuous precipitates in an AZ91 alloy for different aging times. The microstructure used in the DD simulations is based on experimental characterization of a large number of precipitates, as described in Reference 3 and 4. In Section II, we describe how the microstructure is parameterized based on the experimental measurements, how the parameterization is incorporated into the ParaDis [25] dislocation dynamics code, and how simulations are used to determine the CRSS necessary to bypass precipitate distributions for each aging time. Simulation results are presented in Section III. In Section IV, the simulation results are compared to analytical predictions of CRSS, and the potential causes of the breakdown of the analytical model are discussed. A model for the total yield strength of the AZ91 alloy is also developed, including the DD calculation of precipitate strengthening. Good agreement between the model prediction and the experimental measurement of yield strength was obtained.
II. METHODS

A. Microstructure Generation Based on Experimental Data
To determine the contribution to strengthening from the b-Mg 17 Al 12 precipitates, digital representations of the microstructure of an AZ91 alloy with two different heat treatments were created for input to dislocation dynamics simulations. The processing and characterization of these samples are described fully in References 3 and 4. To summarize, the samples, with composition Mg-9 wt pct Al-1 wt pct Zn, were die-cast, solution treated at 413°C for 20 hours, and water quenched. They were then aged at 168°C for 10 and 50 hours, resulting in the formation of b-Mg 17 Al 12 precipitates.
The microstructures of these samples were characterized using Transmission Electron Microscopy (TEM) (see Figure 1 (a) for an example). The length l, width w, and thickness of t of the lath-shaped continuous precipitates were measured, where l and w lie in the (0001) plane, t is in the thickness in the [0001] direction, and l>w>t . Over 400 precipitates were measured for each aging time. The mean l, w, and t for each aging time were determined, as well as the number density N V , and are reported in Table I .
To generate digital representations of the microstructures, a three-dimensional (3D) cubic domain was created for each aging time and populated with a number of precipitates based on the measured N V from Table I and the volume of the cubic domain. For the 10-hour aged sample, the domain size was (19.5 lm) 3 and contained 96,363 precipitates, while for the 50-hour aged sample, the domain size was (6.5 lm)
3 and contained 18,125 precipitates. (The reason for these choices of domain size are described further in Section II-B.) Each precipitate is represented as an elliptical disk, which has an elliptical shape in the basal plane, and a uniform thickness in the [0001] direction (see Figure 1 (b) for an illustration). This geometry represents the lath-shaped precipitates well and simplifies the dislocation dynamics calculations described in Section II-B. In the digital representations of the microstructures, each precipitate has a uniform size, with the ellipse's major axis equal to l, minor axis equal to w, and disk thickness equal to t for each aging time. The precipitates were placed at random locations in the simulation volume, and as each precipitate is placed, it is checked to ensure it does not overlap with any previously placed precipitates; if an overlap occurs, a new random position is chosen. Because the dislocation dynamics simulations use periodic boundary conditions, if a precipitate is placed close enough to the cubic domain boundaries that any part extends outside of the domain, a periodic image of that precipitate is placed outside the opposite boundary so that the digital representation of the microstructure has periodic boundary conditions.
The possible orientation variants of the b-Mg 17 Al 12 precipitates are also accounted for in the digital representations. The orientation relationship between the HCP matrix (a) and the b-Mg 17 Al 12 precipitates is ð0001Þ a jjð110Þ b , ½1 210 a jj½1 11 b , leading to 12 possible orientation variants. [1] The lath-shaped precipitates are elongated along the h11 20i directions. To account for the possible orientation variants of the precipitates in the digital representation, as the precipitates are placed, the major axes of the ellipses are rotated about the [0001] axis to produce an equal distribution of the possible orientation variants. The major axis of each ellipse lies along one of the h11 20i directions. (There are some differences in the morphology of the two possible laths that lie along each h11 20i direction; for example, the ½2 1 10 a jj½ 1 11 b lath has a slightly different morphology from the ½2 1 10 a jj½1 11 b . [1] However, the differences are small enough that for the present simulations, both can be represented well by an elliptical disk with its major axis along ½2 1 10.)
B. Dislocation Dynamics Simulations and CRSS Determination
In AZ91 and other Mg-based alloys, the primary means of plastic deformation at room temperature is the glide of dislocations with Burgers vectors a 3 h11 20i on the basal plane. [26] Therefore, in our DD simulations, we determine the CRSS required for such a dislocation to bypass the precipitates it encounters during basal glide using the digital representations of AZ91 microstructures for 10-and 50-hour aging. DD simulations were performed using the ParaDis dislocation dynamics code, [25] modified to include precipitate-dislocation interactions.
To create the initial conditions for each simulation, a simulation domain is created in ParaDis of the same size as the cubic volume of the digital microstructure ((19.5 lm)
3 for 10-hour aging and (6.5 lm) 3 for 50-hour aging). A basal plane is chosen at a randomly selected height in the [0001] direction, and any precipitates intersecting that plane are imported from the digital microstructure to ParaDis. A straight dislocation line is then placed in the same basal plane such that it does not intersect any precipitates (see Figures 2(a) and 3(a) for examples of the initial dislocation and co-planar precipitates). The size of the simulation domains was chosen such that the domain edge length is at least 10 times the average inter-precipitate spacing in the basal plane, so that a dislocation gliding on the basal plane encounters $100 precipitates. The initial dislocation line is an edge dislocation with Burgers vector a 3 ½2 1 10 (þx in the simulation domain) and line sense ½01 10 (þy in the simulation domain). Mohles used a similar approach to ours to calculate the CRSS to bypass a precipitate distribution using both edge and screw dislocations in the initial conditions, and found a negligible difference in CRSS between the two initial conditions. [16] Therefore, we did not repeat our simulations with screw dislocations in the initial conditions. Precipitate-dislocation interactions are included as follows. As discussed in Section I, for the precipitate sizes considered here, the precipitates act as impenetrable obstacles to the dislocations. In ParaDis, dislocations are represented as nodes connected by line segments. To include the pinning effect of the precipitates, the HCP dislocation mobility law was modified such that when any node encountered a precipitate, that node's velocity was set to zero. The minimum segment length was set less than the length of the minor axis of the elliptical disks representing the precipitates to ensure that a precipitate could not be bypassed by two nodes passing on either side of it. As expected, Orowan loops are formed around precipitates after they are bypassed. (Because of the large size of the precipitates, they are not expected to be coherent with the matrix, and thus a misfit stress was not included due to the presence of the precipitates. Local variations in the applied stress field may be induced around the precipitates due to the mismatch between the mechanical properties of the matrix and precipitate; however, this effect is expected to be small compared to the strong pinning effect of the impenetrable obstacles.)
The dislocations move in response to force according to a linear mobility law v ¼ f=B; where v is velocity, f is force, and B is the local drag coefficient. The drag coefficients for edge and screw dislocation segments are taken from Reference 27. Drag coefficients for mixed segments are determined by decomposing the mixed segment into edge and screw components and weighing the edge and screw drag coefficients by the lengths of the edge and screw components. Other physical parameters used in the simulations were: shear modulus l ¼ 17:3 GPa, Poisson's ratio m ¼ 0:35, Burgers vector magnitude b ¼ 3:25 Â 10 À10 m, and c / a ratio 1.6236. To determine the CRSS for each set of initial conditions, the configuration is loaded with constant strain rate control. The applied stress r 13 is increased to maintain the given strain rate, which forces the dislocation to pass through the precipitate array, and to return to approximately its initial position because of the periodic boundary conditions. The CRSS is the largest r 13 required from the start of the simulation to the time the dislocation returns to its initial position. To determine what strain rate to use in the simulations, a set of simulations with varying strain rates was run for both the 10-hour aged microstructure and the 50-hour aged microstructure. The strain rate for each aging time was chosen based on three criteria: (1) there was a clear maximum in the applied stress prior to the dislocation line returning to its initial position; (2) further decreases in strain rate did not significantly change the CRSS (changes were 2 pct); (3) at lower strain rates, at the time when the peak value of stress occurred, the dislocation had the same position and structure as the chosen strain rate. Using these criteria, a strain rate of _ ¼ 20=s was chosen for simulations with the 10-hour aged microstructure, and _ ¼ 100=s was chosen for simulations with the 50-hour aged microstructure.
Periodic boundary conditions were used in all directions. To determine whether the periodic boundary conditions significantly affect the value of CRSS calculated, we consider the shear stress r 13 from the neighboring periodic dislocation images. For a straight edge dislocation with line sense in the þy direction as used in the initial conditions here, the four closest periodic dislocation images are in the AEx and AEz directions, each of which lies a distance L e from the original dislocation, where L e is the edge length of the simulation domain (the same in x, y, and z directions). We refer to the periodic image dislocations in the þz and Àz directions as the þẑ and Àẑ dislocations. Similarly, we refer to the periodic image dislocations in the þx and Àx directions as the þx and Àx dislocations. The shear stress r 13 caused by such infinitely straight edge dislocations is [28] r 13 ¼ lb 2pð1 À mÞ
where x and z are the distances from the dislocation in the respective coordinate directions. Using Eq.
[2], we can calculate r 13 applied by the periodic dislocation images to the central dislocation. For the þẑ and Àẑ dislocations, x ¼ 0 and z ¼ ÇL e , so by Eq. [2] , r 13 ¼ 0 in the initial straight configuration. This can be understood intuitively by the fact that the stress state above or below an edge dislocation is purely tensile or purely compressive, respectively. For the þx and Àx dislocations, x ¼ ÇL e and z ¼ 0, so the stress fields are
. Thus, in the original straight configuration, r 13 from the þx and Àx dislocations exactly cancel each other, so r 13 ¼ 0.
After the simulation begins, the dislocations are no longer straight, so the analytical solution of Eq. [2] no longer strictly applies. However, it can be used to obtain an order of magnitude estimate of r 13 caused by the periodic images. As discussed in the previous paragraph, the largest contribution to r 13 
III. SIMULATION RESULTS
Simulations of dislocations at five different basal plane heights were run for both the 10-hour and 50-hour aged microstructures, and the CRSS was determined for each of these configurations. The CRSS values are summarized in Tables II and III , as well as the mean and standard deviation for each aging time. The relatively low standard deviation indicates that a statistically large enough number of particles is sampled in each simulation.
Examples of the simulations are shown for Configuration 1 of the 10-hour aged sample in Figure 2 and Configuration 2 of the 50-hour aged sample in Figure 3 . In both figures, the initially applied r 13 causes the dislocation to move from right to left. During the simulations, the dislocations cross the periodic boundary at the left edge of the domain and wrap around to the right edge of the domain. As the dislocations bypass precipitates, Orowan loops are left around precipitates or groups of precipitates. Comparing Figures 2(b) (10-hour aging) and 3(b) (50-hour aging), the structures of the dislocation are quite different qualitatively. In the 10-hour aged sample, the dislocation is still somewhat aligned vertically, and nearly all the precipitates that have been bypassed have individual loops surrounding each one. However, in the 50-hour aged sample, the dislocation structure is much more complex, with a much more tortuous path required to bypass the denser precipitate distribution, and in many cases loops remain around group of precipitates rather than individual particles. Such dislocation loops surrounding groups of precipitates have been referred to as ''Orowan islands.'' [17] IV. DISCUSSION
A. Comparison with Analytical Model of Precipitation Strengthening
In this section, we compare simulation results with an analytical model for CRSS in AZ91. In the model described in Reference 1, r Orowan , the CRSS needed for a dislocation gliding on the basal plane to bypass an array of continuous precipitates in AZ91, is given by
where m is Poisson's ratio, k is the mean particle spacing in the basal plane, d A is the mean particle diameter in the basal plane, and r 0 is the inner cut-off radius of the dislocation, taken equal to b. (We have written Eq. [3] without the Taylor factor used in Reference 1 to simplify comparison with simulation results for a single dislocation in a single grain.) The mean particle spacing, k, can be written as
where N A is the number of particles intersecting the basal plane, N V is the particle number density, and d A is found from the geometry of the ellipse by integrating over all possible lines passing through the ellipse's center for the precipitate with major and minor axes l and w. For the 10-hour aged precipitate particles, d A ¼ 2:01 w, and for the 50-hour aged precipitate particles,
w. The analytical predictions of CRSS for each aging time were calculated using Eqs. [3] and [4] and are reported in Table IV , along with the mean CRSS determined from simulations. The analytical predictions are approximately 30 pct lower than the simulation predictions for each case. The analytical model adapts the analysis of a square lattice of uniformly shaped obstacles by Brown and Ham [12] to the AZ91 precipitate configuration by assuming the analysis of the square lattice still applies, and then averaging over all possible orientations of the ellipse within the plane. To improve the analytical predictions, the model could be modified to include a more refined representation of the AZ91 precipitate configuration, including the fixed orientation relationship between variants; however, this is beyond the scope of the present work.
B. Yield Strength Model
To determine the yield strength of the AZ91 alloys investigated here, the dislocation dynamics predictions of precipitate strengthening can be combined with previously developed models of other strengthening contributions. [29] We demonstrate such a calculation for the 50-hour aged sample (where necessary data on solute composition in the matrix is available [3, 4] ; matrix solute composition was not measured for the 10-hour aged sample). The total yield strength can be estimated as
where r 0 is the intrinsic (Peierls) stress required to move a dislocation, r gb is the strengthening due to grain boundaries, r ss is the solid solution strengthening, and r ppt is the precipitate strengthening contribution. As in the dislocation dynamics simulations, we assume that dislocation motion along basal slip planes dominates over slip along prismatic and pyramidal slip systems. The intrinsic stress r 0 can be estimated as the product of the basal slip CRSS and an appropriate Taylor factor. As discussed by Hutchinson and Barnett, basal CRSS for single-crystal Mg has been measured to be approximately 1.0 MPa. [30] For the Taylor factor, we use a value of 4.5, [31] resulting in r 0 ¼ 4:5 MPa. To estimate r gb , we use the Hall-Petch relationship
where k y is the locking parameter and d is the average grain size. The grain size for the AZ91 alloy investigated here was 71.5 lm. [3, 4] We use the approach of Toda-Carabello et al. to account for the variation of k y with solute composition as:
where k y;Mg is the locking parameter of pure Mg, c x is the atomic fraction of solute x, and Dk y;x is the change in the locking parameter due to the presence of that solute. We use k y;Mg ¼ 0:21 MPa m 1=2 based on References 32 and 33. In the present precipitation-hardened AZ91 alloy, c x is the solute concentration in the matrix and thus differs from the overall alloy composition. Within the matrix, at 50-hour aging, c Al ¼ 4:0 at. pct and c Zn ¼ 0:14 at. pct. [3, 4] We neglect the contribution of Zn due to the very small amount present in the matrix and use a value of Dk y;Al ¼ 2:75. [29] This results in a locking parameter k y ¼ 0:32 MPa m 1=2 and a grain boundary strengthening r gb ¼ 37:9 MPa.
To calculate the solid solution strengthening contribution r ss , we use the approach of Yasi et al., who developed a model of r ss as a function of the solute concentration and a potency factor for each solute. [34] The potency factors were calculated using density functional theory. Taken together with the Taylor factor,
where m ¼ 4:5 is the Taylor factor and M x is the potency factor for solute x. For aluminum, M Al ¼ 19:6 MPa and we again neglect the extremely small composition of Zn in the matrix, resulting in r ss ¼ 17:6 MPa. For the precipitate strengthening contribution of the 50-hour aged sample, we use the CRSS of 16.0 MPa for basal slip obtained from the dislocation dynamics simulations multiplied by the Taylor factor of 4.5, resulting in r ppt ¼ 72 MPa. This represents the largest contribution to strengthening. Summing all contributions, r y ¼ 132:0 MPa, in good agreement with the measured yield strength of 141 MPa. [3, 4] To compare the predictions of the dislocation dynamics simulations with those of the analytical model of Reference 1, if the CRSS of 11.9 for basal slip from the analytical model is instead used, r ppt ¼ 53:6 MPa and r y ¼ 113:6 MPa. Thus, the predictions of the model are much closer to experiment when dislocation dynamics simulations are used to calculate precipitate strengthening rather than the analytical model, demonstrating the need for simulations to accurately predict the precipitation strengthening for high precipitate densities.
V. CONCLUSIONS
In summary, dislocation dynamics simulations using the ParaDis code were used to predict the strengthening due to precipitates in a die-cast Mg-Al-Zn alloy, AZ91. The precipitates were represented in simulations as elliptical disks with shapes and densities based on extensive experimental characterization of the AZ91 alloy for 10-and 50-hour aging times. The CRSS was calculated for 5 different configurations for each aging time. The mean CRSS was 3.5 MPa for the 10-hour aged sample and 16.0 MPa for the 50-hour aged sample. Simulation predictions of CRSS were compared to an analytical model. [1] The simulation predictions were 27 pct higher for the 10-hour aged sample and 34 pct higher for the 50-hour aged sample.
A total yield strength model for AZ91 was developed, which includes contributions from the Peierls stress, grain boundary strengthening, solid solution strengthening, and precipitate strengthening (using the CRSS calculated from the dislocation dynamics simulations). The model predicted a yield strength of 132.0 MPa for the 50-hour aged sample, which was in good agreement with the experimentally measured yield strength of 141 MPa. If precipitate strengthening from the analytical model was used instead of DD simulation results, the yield strength was predicted to be 113.6 MPa, demonstrating that DD simulations result in a more accurate prediction of the physical yield strength. The use of the computation-based predictions of precipitate strengthening and solid solution strengthening, which together account for well over half of the total yield strength, to obtain such an accurate prediction demonstrates the increasing capabilities of the ICME approach to predicting material performance.
